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Abstract
Studies in recent years have shown that most reactive pollutants in natural rivers originate from
non-point sources such as agricultural lands and informal settlements through rainfall runoff. Much
work has centred on simulating decaying substances in rivers from point-source discharges. To expand
on the area of non-point source modelling in rivers, a non-point source hybrid cells in series model for
simulation of reactive pollutants in rivers is proposed. The potential of the proposed model has been
demonstrated and found to simulate decay from non-point sources in streams and rivers satisfactorily.
The proposed model is compared with the numerical solution of the ADE model with added components
for non-point source and first-order reaction kinetic. The comparisons indicate reasonably good
agreement. The breakthrough curves obtained from the proposed model shows its capability to simulate
reactive pollutant transport in natural rivers effectively.
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Introduction
Pollutants from point and or non-point sources
when released into water bodies follow a scheme of
occurrences [1, 2]. Generally, the presence of pollutants
classified as either conservative or non-conservative/
reactive makes rivers unfit for any kind of use. Rivers
naturally have a self-purifying mechanism which
restores its balance. However, when pollutant loads
exceed the self-cleansing capacity of the river, the entire
eco-system becomes distorted [3, 4]. Reactive pollutants
which are subject to decay constitute most freshwater
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pollutants [5-8]. A large proportion of reactive
pollutants are identified as being sourced from nonpoint sources through runoff mainly from agricultural
lands and informal settlements [3, 5, 8-10]. The
pollutant contributions from non-point sources influence
in-stream water quality of usable water considerably
with its impact felt downstream in the river network
[11-13]. The processes that occur within the water
body over time decide the fate of the pollutants as they
undergo chemical and or biological changes within the
water channel due to decay. These processes influence
the pollutant concentration as it moves downstream
from the source of entry. Depletion of oxygen,
excessive toxic algae growth from the enrichment of
the water body due to excess nutrient loading and loss
of biodiversity in the eco-system are direct results of
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these occurrences. Quantifying these processes and
their effects, therefore, has become necessary. This
is of even more importance when such pollutants
are generated from non-point sources [14, 15]. In
this regard, water quality management requires indepth understanding of the distribution and behaviour
of pollutants within the river in order to restore its
quality to acceptable levels. The difficulties associated
with the behaviour of reactive contaminants in
waterways informs the need for simplified interpretive
models. It is essential that the model does not require
extensive data input for calibration, and that the
necessary data can be obtained with reasonable resource
allocation.
Extensive research relating to modelling of transport
of reactive substances that focus on predictions of instream pollutant concentration, the fate of in-stream
fluxes and the threat of nutrient pollution in rivers
generated from point sources have been carried out
[16]. However, not much has been done in relation to
contributions from non-point sources (NPS) since it is
cumbersome to predict when compared to point source
pollution [14]. This forms the motivation for this work:
to develop an in-stream non-point source pollution
model for simulation of non-conservative pollutants.
This is essential considering, as earlier mentioned, that
significant amounts of nutrients and reactive pollutants
generated from agricultural lands and informal
settlements find their way into surface water through
rainfall run-off, otherwise classified as non-point
sources [9, 10, 17-19]. Consequently, the development
of a simulation tool for water quality management of
streams and rivers susceptible to reactive pollutant
build-up from non-point sources is necessary. Such a
tool is required in order to understand the movement of
such pollutants along natural watercourses for effective
pollution management. The ability to easily predict the
water quality status of streams and rivers would ease
water quality treatment, monitoring, and management
processes, which by extension would curb the scarcity
of usable water.

Theory
Decay is generally approximated by a first-order
kinetic equation where concentration with respect to
time and distance is expressed as Eq. (1) [20]:

 − ( x − ut )2

− kt 
C ( x, t ) =
exp 
2t π DL t
 4 DL t

(1)
x

Eq. (1) is the analytical solution of the classical
advection dispersion equation (ADE) model for impulse
injection of reactive pollutants for steady and uniform
flow conditions in rivers [14, 20]. A major challenge,
however, lies in the estimation of the dispersion

coefficient of the solute. Fischer [21] used the routing
method to estimate dispersion coefficient by matching
predicted concentration-time profiles with measured
concentration-time profiles for assumed values of
dispersion, until a minimal difference between both
patterns as measured by the sum of squared differences
is achieved. This method is cumbersome and in practice
difficult to measure. Also, according to Benedini and
Tsakiris [22], the ADE does not entirely represent the
on-site observations of the behaviour of pollutants in
natural rivers accurately. This shortcoming has led to
several modelling attempts, including the hybrid cells in
series (HCIS) model [23]. Since a significant proportion
of pollutants from non-point sources have been
identified as being subject to decay, the HCIS model
will be further extended to include the NPS and decay
component. Therefore, without aiming at a specific type
of reactive pollutant, this study seeks to incorporate
a first-order decay kinetic component to the HCISNPS model for the simulation of non-conservative
contaminants in rivers.

Hybrid Cells in Series (HCIS)
The HCIS model developed by Ghosh [23] as
an alternative model to the Fickian-based ADE and
other associated models for solute transport in natural
streams and rivers has been further developed over
the years with the inclusion of other components.
Kumarasamy et al. [4] developed a hybrid cell in series
model to simulate pollutant transport with first-order
decay kinetics in order to predict the concentration of
non-conservative point source pollutants in natural
rivers. In the model, Kumarasamy et al. [4] considers
that the decay of pollutants in the water body is
governed by the Streeter-Phelps first-order reaction
kinetics Eq. (2) [24].

dC ( x, t )
dt

= − k a C ( x, t )

(2)

…where ka (per min) is the first-order decay constant
and C(x,t) (mgl-1) is the concentration of the pollutant
in the water. The negative sign shows pollutant
abatement or decay [24-26]. The proposed HCIS-NPSk
model consists of a plug flow zone and two thoroughly
mixed zones connected in series and with unequal
residence time. Determination of the residence time is
based on the volume (V) and the flow rate (Q) within
each zone. As pollutants are introduced into the plug
flow zone, no mixing occurs but the injected flux is
replaced over time as it flows downstream and into the
first mixing zone where mixing occurs. The effluent
from the first mixing zone moves into the second zone,
where mixing also takes place. The decay of pollutants
occurs in all three zones.
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Model Parametrization
The HCIS model has three independent residence
time parameters within each zone: α represents the
residence time in the plug flow zone, T1 is residence
time in the first mixing zone and T2 is residence time
in the second mixing zone. These time parameters are
determined using the longitudinal dispersion coefficient
(DL) and mean flow velocity (u) in relation with the
Peclet number (Pe). The relationship between pollutant
transport mechanisms is defined by the Peclet number.
Therefore, the conditions Pe = Δxu/DL ≥ 4 must be
satisfied in order to produce an acceptable C-t profile.
The size of the hybrid unit (Δx) is determined from
this relationship and is used for estimating α, T1, and
T2 as follows [23, 27, 28]. The model parameters can,
however, be obtained using the least square optimization
method:

0.04∆x 2
DL

(3)

0.05∆x 2
T1 =
DL

(4)

α=

T2 =

∆x 0.09∆x
−
u
DL

pollutant moves through the plug zone, the moving
plume is replaced in α time by pure advection with
minimal drop in pollutant concentration due to decay.
The effluent flows into the first mixing zone with
residence time T1, where thorough mixing takes
place through the joint process of advection and
dispersion. Decay of the pollutants occurs in this zone.
Subsequently, after T1 time, the effluent moves into
the second mixing zone with residence time T2, where
continuous mixing and decay also occur.

Deriving Pollutant Concentration Through
the Plug Flow Zone
The initial and boundary conditions that express
the initial state of pollution and concentration at
the boundary of the river are set as C (x, 0) = 0; x>0,
C (0, t) = CR; t≥0 and C (αu, t) = 0; 0<t<α. The initial
boundary concentration of pollutants in each zone
changes from zero to CR with time.
The plug flow zone of the HCIS-NPSk model, which
has a conceptualised control volume V and length ∆x
and is subject to advection processes, lateral inflow and
first-order decay of pollutant, is expressed as shown in
the following mass balance equation:

∂C ( x, t )
∂t

2

(5)

Formulation of the Model
The conceptualised HCIS-NPS model, which
incorporates decay processes of first-order reaction
kinetics, is made up of a plug flow zone and two wellmixed zones with unequal residence times that are
connected in series (Fig. 1). As the non-conservative

Fig. 1. HCIS-NPS unit with in-stream first-order kinetic reactions.

= −u

∂C ( x, t )
∂x

+

qL
( C L − C ( x, t ) ) − k a C ( x, t )
A
(6)

…where C (x, t) is the pollutant concentration in the
water body (mgl-1), u is flow velocity of the water body
(ms-1), t is time interval of solute displacement (s), x is
distance from source (m), qL is lateral inflow (m3s-1m-1),
CL is pollutant concentration in lateral inflow (mgl-1), ka
is the first-order decay constant (s-1), and A is the crosssectional area of the water channel (m 2). Henceforth,
qL/A is denoted as ψ while ϵ = ѱ + ka. Taking the Laplace
transformation of all terms in Eq. (6) reduces it to:
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dC *
= − SC * − ∈ C * +ψ CL
dx

(7)

Simplifying Eq. (7) yields
+
dC ∗
exp 
dx

 S +∈
x
u 

 S +∈
x
u 

+
 S + ∈ ∗
C exp 
+

 u 
				

=

ψ
u

CL exp

The solution of Eq. (11) gives the pollutant
concentration at the end of the first well mixed zone
with decay occurring as expressed in Eq. (12), which is
valid when t≥α:

 S +∈
+
x
 u 

(8)

Eq. (8) is solved by integration, when x = 0, C = CR
+ CL and C* = CR/S + CL/S. Then, solving by taking
inverse Laplace transforms yields:

(9)
Eq. (9) represents the pollutant concentration of
pollutants at the end of the plug flow zone for pollutants
subject to decay when t≥α. While U (t – α) is the step
function that ranges from 0 when t<α to 1 when t≥α.

Deriving Pollutant Concentration Through
the First well Mixed Zone

(12)

Effluent from the plug flow zone, Eq. (9), having
moved through the plug flow zone over a distance
in α time, forms the influent to the first mixed zone.
The change in solute concentration in the zone, the
effluent mass leaving the plug flow zone into the first
well mixed zone, the effluent moving through the first
mixing zone, the uniformly distributed lateral inflow
into the zone and the mass decayed within the zone
are all accounted for. The mass balance for the first
mixing zone is given as Eq. (10). All terms follow
the sequence as listed in the presentation of the
equation.

Deriving Pollutant Concentration Through the
Second Well Mixed Zone
Similarly, outflow from the first well mixed zone,
CMK1, becomes the infeed to the second well mixed
zone. With filling time of T2 = V2/Q, where V2 is the
volume of the zone. Subsequently, the mass balance for
the second well mixed zone is:

(13)
Divide Eq. (13) through by V2 ∆t and written in
differentials yields:

(10)
…where V1 is the volume of the first well mixed zone
and Q is the flow rate of solute within the zone. The
filling time within this zone is T1 =V1/Q. Thus, rewritten
in differentials, Eq. (10) becomes:

(11)
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(17)
…where:
(14)
Integrating Eq. (14) with respect to “t” yields:

(15)
Eq. (17) describes the temporal variation in
concentration that corresponds to the unit impulse input
at the boundaries valid for t≥α.
Through method of convolution applied by discrete
kernel method, the fate of the pollutants at downstream
locations of the river channel in later hybrid units is
simulated.

…where:

t

D ( m, t ) = ∫ c ( m − 1) ,τ ψ ( t − τ ) dτ
0

(18)

…using numerical integrals Eq. (18) reduces to Eq. (19):

(19)

Eq. (15) is the effluent concentration and the
step response KHCIS-NPSk at the end of the first hybrid
unit. Valid when t≥α. α is the residence time in the
plug flow zone.

The response to unit impulse perturbation
kHCIS-NPSk at the end of the first hybrid unit is derived
when KHCIS-NPSk is differentiated with respect to (t) as
given in Eq. (16) to yield Eq. (17):

(16)

Eq. (19) produces the response at the 𝓂th hybrid
unit, when 𝓂≥2 for any number of hybrid units along
the river reach.

Results and Discussion
Testing the Proposed Model
In testing the proposed model, an artificial situation
is considered to demonstrate its potential for simulating
non-conservative pollutants and NPS inflows.
A conceptualised 3 km river is assumed to have
a cross-sectional area of 20 m2, with a flow rate Q
given as 400 m3/min. The dispersion coefficient DL is
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Fig. 2. Concentration of pollutants in response to unit impulses
of HCIS-NPSk model with varied decay constants ka = 0, 0.01
and 0.003 per min, at the 1st, 3rd, 7th and 10th hybrid units, which
represents different points of x at 200, 600, 1400 and 2000 m
respectively from source.

1000 m2/min while the flow velocity u is 20 m/min. the
values for lateral inflow qL and pollutant concentration
from lateral inflow CL are set at 0.016 m3/min/m and
0.08 mg/l. ∆x the size of the hybrid unit is 200 m,
while the decay rate coefficient ka is varied from 0,
0.01 and 0.003 per min. The resident time parameters
are estimated with Eqs (3)-(5). The impulse responses
generated for the first, third, seventh and tenth hybrid
units with respect to time at different sections of the
river from the near field were simulated using Eq. (17)
and (19) and is presented as Fig. 2, which shows that
all the graphs exhibit a bell-shaped distribution curve
with elongated tails. As the pollutant plume moves
downstream, attenuation of the C-t curve occurs and
peak concentrations and time-to-peak is reduced
further downstream with the increase in hybrid units.
The peak concentration reduces while the falling
limb is elongated with an increase in hybrid units.
The profiles of the impulse response showed that with
the higher decay rate of 0.01 per min, there was a slight
reduction in peak concentration within the first hybrid.
However, a significant reduction in peak concentrations
was obvious as the plume arrived 600 m downstream
and further downstream. Within the first hybrid unit,
however, the lower decay rate of 0.003 per min was
not that obvious as it matched the profile without
any decay. However, it showed a marked decrease in
concentration levels in later hybrids. In general, it is
obvious that the C-t profiles with decay show rapid
attenuation as the pollutant moves farther downstream
when compared to that without decay. Consequently,
the higher the decay constant, the lower the pollutant
concentration with respect to time. Fig. 3 shows peak
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Fig. 3. Peak concentration of pollutants along the river reach at
x = 200, 600, 1400 sand 2000 m for varied kinetic constants.

concentration of solute at downstream locations of
200 m, 600 m, 1400 m and 2000 m.
The model is further tested for varying NPS inputs
and decay constants to demonstrate its response to instream conditions. First simulations are performed
without inclusion of NPS inflows and decay of
pollutants. Next, NPS input of 1.8mg-1 of CL and qL
of 0.16 m3min-1m-1 with a decay constant ka of 0.01 is
introduced, while subsequent simulations alternate NPS
input and decay reaction. The response of the model
to these variations is presented in Fig. 3. The response

Fig. 4. Concentration of pollutants in response to unit impulses
of HCIS-NPSk model under varying conditions of NPS inputs of
CL = 0, qL = 0, and CL = 1.8, qL = 0.16, ka = 0, 0.01 per min, for
the 1st and 7th hybrid units.
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of the model shown in Fig. 4 is consistent with the
expected response of model for the varying conditions.

Testing and Validating the HCIS-NPSk
with ADE-NPSk Model
In order to assess the adequacy of the proposed
HCIS-NPSk model, the model is compared with the
advection dispersion equation (ADE) model. The
explicit finite difference method is used to numerically
solve Eq. (20), which is the classical ADE inclusive
of decay and non-point source components otherwise
denoted as ADE-NPSk. The solution is compared with
the results obtained from the HCIS-NPSk model when
all boundary conditions are maintained and satisfied.

(20)
…where C (x, t) (mgl-1) is the pollutant concentration in
the water body, u (ms-1) is flow velocity of the water
body, t (s) is time interval of solute displacement, x (m)
is distance from source, DL (m 2s-1) is the longitudinal
dispersion coefficient, qL (m3s-1m-1) is lateral inflow,
A (m2) is the cross-sectional area of water channel,
CL (mgl-1) is pollutant concentration in lateral inflow,
and ka (s-1) is the first-order decay constant. Eq. (20) is
solved with the forward difference in time, backward
upwind for advection, and central difference in space for
dispersion equations (21), (22) and (23):

∂C ( x, t )
∂t
∂C ( x, t )
∂x
∂ 2 C ( x, t )
∂x

2

=

=

=

Eq. (24) is numerically differentiated with respect
to time in order to obtain the impulse response of
the ADE-NPSk. As previously stated, synthetic data is
used for the simulation of both models. While ensuring
that in selecting a uniform space step and time step
for the ADE-NPSk model, the Courant number did not
exceed 1 in order to reduce the oscillations and ensure
numerical stability. The response of both models at
downstream locations of 200 m, 600 m, 1400 m and
2000 m for a 3 km river reach (represented as 1st,
3rd, 7th and 10th hybrid units) is presented in Fig. 5.
Both models were simulated in response to first-order
decay of 0.01per min at the same distance downstream.
For each simulation run, peak concentration and
time-to-peak were compared. It is noted that both
models present a steep rising limb and right-skewness
in the first hybrid unit, which is subsequently reduced
to a normal distribution with an increase in hybrid
units. However, the HCIS-NPSk model had elongated
tails when compared to the ADE model as the
pollutant travelled downstream. Also, with an increase
in distance from the location of pollutant release,
both models produce C-t profiles with time-to-peak
occurring at approximately the same time. Differences,
however, in peak concentrations of the C-t profiles
for ADE-NPSk and HCIS-NPSk models are observed
as the pollutant travelled downstream as seen in
Fig. 5. Peak concentrations attenuate more rapidly
with the HCIS-NPSk model than the ADE-NPSk.
Hence the response of the HCIS-NPSk model is
consistent with investigations of solute transport

C ( x, t + ∆t ) − C ( x, t )
∆t

(21)

C ( x + ∆x, t ) − C ( x − ∆x, t )
2∆x

(22)

C ( x + ∆x, t ) − 2C ( x, t ) + C ( x − ∆x, t )
∆x 2

(23)

The solution of Eq. (20) gives the step response of
the ADE-NPSk given as Eq. (24):

(24)

Fig. 5. Comparison of pollutants concentration unit impulse
response of ADE-NPSk model and HCIS-NPSk model with
decay rate coefficient ka = 0.01 per min, at the 1st, 3rd, 7th and 10th
hybrid units, which represents different points of x at 200, 600,
1400 and 2000 m respectively from source.
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in rivers. At 95% confidence level, the performance
of HCIS-NPSk to the ADE-NPSk was tested.
The coefficient of determination (R 2) and the standard
error (SE) were within the range of 0.895 to 0.996
and 2.52E-3 to 4.24E-4 respectively. This result is
indicative of a good correlation between both models.
Both models respond to the effect of the first-order
kinetic reaction taking place within the water channel
and down-stream.

Conclusions
A clear majority of non-conservative/reactive
pollutants have been identified as being sourced from
non-point sources – especially from agricultural
settlements and urban areas situated within close
proximities to open water channels. Considering this, a
hybrid cells in series, non-point source model with an
added component for simulation of first-order reaction
kinetics (HCIS-NPSk) is proposed. The proposed
model is tested using artificial data because field tracer
tests for simulation of non-conservative pollutants are
performed with the use of conservative pollutants due
to the ethical requirements for use of non-conservative
pollutants. Therefore, mathematical models simulate
non-conservative pollution/decay with the use of
synthetic data.
Most NPS models are basically watershed-based
models that require large data sets with computational
difficulties and are based on the Fickian ADE model.
Thus, the simulated results of the HCIS-NPSk
model were compared to the numerical solution of
the advection dispersion equation model inclusive
of non-point source and first-order reaction kinetics
components (ADE-NPSk). The response of the model
with differing decay rate coefficient and under varying
pollutant loading conditions demonstrates its ability to
adequately simulate decay in a natural river. Also, the
response of the HCIS-NPSk matches that of the ADENPSk, but with a longer tail that adequately interprets
experimental results as expressed in literature. The
advantage of this model over other models lies in its
simplicity and ease in computation, with low data
requirement. The model is also flexible and has the
capacity for the addition of other components. The
simplicity of the HCIS model makes it a viable tool for
simulation of decay-prone contaminant transport from
non-point sources. The effect of transient storage or
hyporheic zones which is considered responsible for the
long arrival and trailing tails observed in field tracer
tests is, however, not considered in this model. Further
attempts to incorporate this phenomenon into the model
will be implemented. It is also imperative that the model
is validated through actual field data after storm events,
since most parameters are assumed. However, the
concept is adequate for use as a guide when modelling
such events.
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