
Introduction

Urbanization has accelerated since the start of this 
millennium due to China’s rapid economic growth 
and sharp population increase, but the urban sewage 
collection pipe network restricts the economic prosperity 
of cities and severely affects the living environments of 

urban residents. Thus, it is important to optimize urban 
sewage collection pipe networks.

Many previous studies have optimized the design of 
urban sewage collection pipe networks. In particular, 
Ali et al. established an integrated model for optimizing 
the engineering design of sewage collection pipe 
networks, which treated the allowable head loss as a 
constraint, the layout generation and parameters of 
sewer specifications as decision variables, and the 
sewage collection pipe network construction cost as the 
objective function. They designed the layout structure 
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using the loop-by-loop cutting algorithm to optimize 
the cost function and the tabu search method as a 
deterministic combination metaheuristic algorithm in 
the context of the given layout to adaptively search 
the feasible region of decision variables, where they 
simultaneously solved two subproblems related to 
layout generation and sewer size [1]. Karovic et al. 
proposed a Microsoft Excel-based simulated annealing 
optimization design program to solve the rainwater 
pipeline system optimization design model. This model 
considered the hydraulics, technical standards, and 
regional limitations as constraints, the layout and pipe 
diameter of pipe networks as decision variables, and 
the total construction cost of the rainwater pipe system 
as the objective function [2]. Zhao et al. designed the 
preliminary pump parameters based on the pump design 
specifications and then established a mathematical 
model of the optimal design parameters combined with 
pump impellers based on the orthogonal test-based 
optimization method. The pump performance was 
improved significantly using this method, where the 
simulated head and efficiency were boosted [3]. Several 
previous studies employed the ACOA to optimize the 
construction cost of sewage collection pipe networks 
in order to obtain the optimal layout and optimal pipe 
diameter of pipe networks. In this paper, we consider 
constraints such as the construction cost and operation 
cost for urban sewage collection pipe networks, the 
head loss at the head and end of the pipe section, and 
the economic flow rate in the pipe section. Furthermore, 
we developed an optimization method that combines 
orthogonal test optimization with a selection method for 
the pipe network line scheme and the decomposition–
dynamic programming aggregation method for a 
large diameter pipe system, thereby obtaining a novel 
optimization design method for urban rainwater 
drainage pipe networks.

Material and Methods

In the present study, we aimed to solve the 
optimization design problem for pipe networks while 
focusing on the line scheme for sewage collection pipe 
networks [4-5].

A sewage collection pipe network is divided into 
N trunk pipe sections. The trunk pipe section iMi 
receives the sewage from the trunk pipe section (i-1)

M(i-1) but also the sewage flow 
1

iM

ij
j

q
=

∑  collected by Mi (i 
= 1, 2,..., N) sewage collection wells converging in this 
trunk pipe section. The pipe section ij has k types of 
line schemes available with lengths of lijk (i = 1, 2,..., N; 
j = 1, 2,..., Mi; k = 1, 2,..., Kij). Finally, the sewage is 
transported by the trunk pipe section NMN to the main 
sewage collection pipe [6]. A generalized diagram 
illustrating the multi-line schemes in urban sewage 
collection pipe networks is shown in Fig. 1. 

Mathematical Model

Establishment of a Subsystem Model for Optimizing the 
Design of Sewage Collection Pipe Networks

Annual cost objective function for the branch and 
trunk pipes belonging to the i-th pipe section of sewage 
collection pipe networks [7].

The minimum annual cost of sewage collection 
pipe networks is treated as the objective function. 
The annual cost of sewage collection pipe networks 
generally includes three components [8]: the annual 
investment cost of the pipe network construction, 
annual maintenance cost, and annual management 
cost. The annual cost of sewerage wells accounts for 
a small proportion of the annual cost of sewerage pipe 
networks, so it is directly incorporated into the annual 

Fig. 1. Generalized diagram of multi-line schemes for urban sewage collection pipe networks. 
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cost of the pipe networks for calculation. Thus, the line 
scheme kij for pipe section ij and its corresponding pipe 
diameter Dijk are regarded as decision variables, and the 
pipe economic life as the calculation analysis period in 
order to construct the annual cost objective function for 
the branch and trunk pipes belonging to the i-th pipe 
section of sewage collection pipe networks [9]:
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Equation (1) can be converted into an expression for 
the decision variable Dijk according to Equations (2) and 
(3).

In the equations above, Fi denotes the minimum 
annual cost (RMB) of the pipe network for the branch 
and trunk pipes belonging to the i-th pipe section, 
Dijk Dijk denotes the pipe diameter (m) of pipe section 
ijk, Iijk  denotes the slope of pipe section ijk, φijk 
denotes the filled angle (radian) of the cross section 
of pipe section ijk, dijk/Dijk denotes the fullness of pipe 
section ijk, and dijk denotes the water depth (m) in the 
pipeline of pipe section ijk, ξijk denotes the pipe wall 
roughness coefficient for pipe section ijk, lijk denotes 
the pipe length (m) for pipe section ijk, Qijk denotes the 
maximum daily sewage flow (m3/s) in pipe section ijk, 
a1, a2, and a3 are constants obtained by fitting with the 
least squares method, αijk denotes the equivalent annuity 

coefficient 
0 0

0
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ijk

t

t
r r
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+ −  for pipe section ijk, r0 denotes 
the social average rate of return (%), tijk denotes the 
economic service life of pipe section ijk, βijk denotes the 
annual maintenance cost coefficient of pipe section ijk,  
θijk denotes the annual management cost coefficient of 
pipe section ijk, and h(1)

i1k denotes the burial depth (m) 
of the pipeline starting point for pipe section i1k without 
considering variations in the ground elevation.

Constraints on the Branch and Trunk Pipes Belonging 
to the i-th Pipe Section of Sewage Collection 

Pipe Networks

In the sewage collection pipe network, the 
transportation of sewage relies on gravity, and the 
pipe diameter and burial depth of the pipe section are 
greatly affected by the longitudinal slope of the pipe 
section. During optimization, we mainly consider the 
key factors such as the head loss at the head and end of 

sewage collection pipe networks, the longitudinal slope 
of the pipe section, and the economic flow rate of the 
pipe section [10].

The coupling constraint is the head loss constraint 
at the head and end of the branch and trunk pipes 
belonging to the i-th pipe section, as follows.

The head loss constraint for the branch and trunk 
pipes belonging to the i-th pipe section is:
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Equation (4) can also be converted into the 
expression for the decision variable Dijk according to 
Equations (2) and (3).

In Equation (4), Iijk denotes the slope of pipe section 
ijk, lijk denotes the length (m) of pipe section ijk, and 
Z(1)

i1k and Z(2)
iMik  denote the invert elevations (m) of 

the pipeline starting point in pipe section i1k and the 
pipeline ending point in pipe section iMik, respectively.

Feasible Region Constraint 
on the Decision Variable

Economic rate constraint on the pipe section: 

                  min maxijkV V V≤ ≤
                      (5)

 
/ijk ijk ijkV Q A=
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2 ( sin ) / 8ijk ijk ijk ijkA D φ φ= −

             (7)

Equation (5) can be converted into the expression 
for the decision variable Dijk according to Equations (6) 
and (7).

In the equations above, Vijk denotes the sewage flow 
rate (m/s) in pipe section ijk, Vmax denotes the maximum 
allowable pipe sewage flow rate (m/s), Vmin denotes the 
minimum allowable pipe sewage flow rate (m/s), and  
Aijk denotes the area (m2) of the cross section in pipe 
section ijk. The meanings of other variables are the 
same as those defined above.

Longitudinal slope constraint on the pipe section:

                   min maxijkI I I≤ ≤
                     (8)

Equation (8) can also be converted into the 
expression for the decision variable Dijk according to 
Equations (2) and (3).

In Equation (8), Imax and Imin denote the minimum 
and maximum allowable pipe slopes with the same 
diameter, respectively.

Pipe diameter constraint on the pipe section: 
 

  min maxijkD D D≤ ≤                   (9)
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where Dmax and Dmin denote the minimum and maximum 
allowable diameter values in the optional standard pipe 
diameter set, respectively.

Establishment of a Large System Model 
for Optimizing the Design of Sewage Collection 

Pipe Networks

Annual Cost Objective Function for the Whole Sewage 
Collection Pipe Network

Based on the annual cost objective function for the 
branch and trunk pipes in the i-th pipe section in the 
aforementioned sewage collection pipe network, the 
annual cost objective function of the whole sewage 
collection pipe network can be constructed as [11]:

     1
min

M

i
i

F F
=

= ∑
                       (10)

where F  denotes the minimum annual cost (RMB) of 
the whole sewage collection pipe network.

Constraints on the Whole Sewage Collection 
Pipe Network

The head loss in the pipe sections of sewage 
collection pipe networks is affected by both the pipe 
burial depth and the head loss constraint at the head and 
end of the branch and trunk pipes belonging to each 
pipe section, and it is also restricted by the water level 
jacking off the main sewage collection pipe [12].

Coupling Constraints

The head loss constraint at the head and end of the 
branch and trunk pipes belonging to each pipe section 
is the same as that given in Equation (4).

The head loss constraint on the trunk pipe section 
belonging to the whole sewage collection pipe network 
is:
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Equation (11) can also be converted into the 
expression for the decision variable Dijk according to 
Equations (2) and (3).

In Equation (11), Z(1)
1M1k, Z(2)

NMNk denote the invert 
elevations (m) of the pipeline starting point in pipe 
section 1M1k and the pipeline ending point in pipe 
section NMNk, respectively. The meanings of the other 
variables are the same as those defined above.

The feasible region constraints on the decision 
variables include the flow rate constraint on the pipe 
section, the longitudinal slope constraint on the pipe 
section, and the pipe diameter constraint on the pipe 

section, which are the same as those given in Equations 
(5)-(9).         

  
Solution Using an Orthogonal Test and Large 
System Decomposition-Aggregation Method

Solution Method and Steps [13]

Decomposing the Large System Model into Several 
Relatively Independent and Interrelated Subsystem 

Models

The large system models in Equations (10)-(11) are 
decomposed into N pipe section optimization design 
subsystem models. The subsystem model treats the line 
scheme kij and pipe diameter Dijk for each division pipe 
section as decision variables, the water head loss at the 
head and end of the division pipe section, pipe economic 
flow rate, pipe longitudinal slope, and optional pipe 
diameter as constraints, and the minimum annual cost 
of the branch and trunk pipes belonging to the i-th pipe 
section as the objective function [14].
Objective function:
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Constraints:

The head loss constraint on the branch and trunk 
pipes belonging to the i-th pipe section is: 

  

1
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The economic rate constraint on the pipe section is:

   min maxijkV V V≤ ≤
                   (16)
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Longitudinal slope constraint on the pipe section: 
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min maxijkI I I≤ ≤
                 (19)

Pipe diameter constraint on the pipe section: 

min maxijkD D D≤ ≤                 (20)

where ΔZi denotes the difference (m) between the invert 
elevations at the pipeline starting point and the pipeline 
ending point of the i-th pipe section, i.e., Z(1)

i1k – Z(2)
iMik

.
The meanings of the other variables are the same as 
those defined above.

Optimize Each Subsystem Model Separately [15-16]

Test scheme determination. The division pipe 
section is treated as the test factor and the optional line 
scheme for each division pipe section as the test level. 
The orthogonal table is then selected to determine the 
test scheme combination for each division pipe section.

Subsystem optimization. Under the condition that the 
line schemes are known for each division pipe section, 
Equations (12)-(20) are employed as a one-dimensional 
dynamic programming model, which treats the number 
Mi of the division pipe section as the stage variable, 
the pipe diameter Dijk of the division pipe section as 
the decision variable, and the head loss λs of the division 
pipe section as the state variable. The state variable 
λs is discretized in the corresponding feasible region 
ΔZi if the state transition equation is satisfied using 
the one-dimensional dynamic programming method. 
The discretization process involves m head loss 
values (m = 1, 2,…, max) and determining the optimal 
combination value of the diameter for each division 
pipe section in subsystem Dijk,m(kij,m) (i = 1, 2,…N; 
j = 1, 2,…Mi; m = 1, 2,…, max) and the annual cost 
target value Fi,m(kij,m).

Orthogonal test-based selection. The range analysis 
method is used to calculate the annual cost target value  
Fi,m(kij,m) corresponding to the test combinations of each 
division pipe section line scheme, thereby determining 
the theoretical optimal line scheme combination in  
the test combination for each division pipe section line 
scheme kij

* (i = 1, 2,... N; j = 1, 2,... Mi).
For the theoretical combination kij

* of optimal 
line schemes for each identified division pipe section,  
the method described in Step  is applied to finally 
obtain the theoretical optimal diameter Dijk,m of each 
division pipe section and the minimum annual cost 
target value Fi,m of the branch and trunk pipes belonging 
to the i-th pipe section.

After solving the subsystem model, several 
combinations of annual target cost values Fi,m (m = 1,2,
...,max) and head loss values ΔZi,m (m = 1, 2,..., max) 
can be obtained for the branch and trunk pipes of the 
i-th pipe section of sewage collection pipe networks, as 
well as the optimal combination Dijk,m (m = 1, 2,..., max) 
of pipe diameters for each division pipe section.  

As a result, various relationships comprising ΔZi,m
~Fi,m (ΔZi,m) and the corresponding relationships for 
ΔZiMik,m~Fi,m (ΔZiMik,m) can be obtained.

Dynamic Programming Aggregation 
of a Large System Model [17] 

The various ΔZiMik,m~Fi,m (ΔZiMik,m) relationships 
(i = 1, 2,…, N; m = 1, 2,…, max) obtained from 
the subsystem models given above are analyzed and 
fitted to empirical formulae, before substituting into  
the original large system model given by Equations 
(10)–(11) to obtain the following large system 
aggregation model [18].
Objective function:

 1

min ( )
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i iM k
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F F Z
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where ΔZi denotes the difference (m) between 
the invert elevations at the pipeline starting point and  
the pipeline ending point of all the trunk pipe sections, 
i.e., Z(1)

1M1k – Z(2)
NMNk.

By solving the above aggregation model with  
the one-dimensional dynamic programming method, 
we can obtain the minimum annual cost F* of sewage 
collection pipe networks that meet the constraints 
as well as the corresponding head loss ΔZ*

iMik
 for 

each trunk pipe section (i = 1, 2,..., N). According to 
the optimal head loss ΔZ*

iMik
 for each trunk pipe 

section, the optimal head loss ΔZ*
i for the branch and 

trunk pipes belonging to each trunk pipe section can  
be calculated. After using ΔZ*

i to assess the optimization 
results determined for the subsystem models, we 
can obtain the optimal diameter combination D*

ijk 
(i = 1,2,..., N; j = 1,2,..., Mi) for each division pipe 
section corresponding to the head loss for each pipe 
section [19]. Flow charts are presented in Figs 2 and 3.

Results and Discussion

Basic Information about the Calculations

In the sewage collection pipe network in a specific 
region of Taizhou, Jiangsu, the pipeline trends and  
the flow rate at each node in the sewage collection pipe 
network in this region are illustrated in Fig. 4, where  
the invert elevation of the sewage collection starting 
point in each branch pipe section of the pipe 
network is 3.8 m (Yellow Sea Elevation System),  
the invert elevation of the sewage collection ending 
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point in the trunk pipe section of the pipe network 
is 2.2 m, and the flat ground elevation is 4.8 m.  
In addition, the line scheme and pipe length for 
each division pipe section are illustrated in Table 1.  
The construction method involved applying medium-
fine sand backfilling and compacting around  
the GRP (Glass Reinforced Plastic) sand pipe and 
HDPE (High Density Polyethylene) pipe. The 
reinforced concrete pipe base has sandstone or concrete 
foundations. In this study, the social average rate of 
return r0 was treated as 10%. The economic service 
life t is 20 years for reinforced concrete pipes, 30 years 
for HDPE pipes, and 30 years for GRP sand pipes.  
The annual maintenance cost coefficient of the 
pipe section is 2% and the annual management cost 
coefficient of the pipe section is 1%. The construction 
cost indices corresponding to the specifications of 

the local GRP sand pipe, HDPE pipe, and reinforced 
concrete pipe are shown in Tables 2, 3, and 4, 
respectively. The pipe economic flow rate is between 
0.6 m/s and 2.5 m/s.

Solution Processes and Optimization Results

Calculation of the Optional Standard Pipe Diameter 
for each Division Pipe Section According 

to the Economic Flow Rate Constraint 
on the Pipe Section

Using Equations (5)-(7), the pipe diameter range for 
each division pipe section was calculated with a pipe 
economic flow rate of 0.6-2.5 m/s in order to derive the 
optional standard pipe diameter set for each division 
pipe section, as shown in Table 5.

          
Fig. 2. Process followed for calculating the large system model.  

          
Fig. 3. Process followed for calculating the subsystem model for the i-th pipe section. 
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Fig. 4. Generalized diagram showing the multi-line schemes for sewage collection pipe networks in a certain area.

Table 1. Line schemes for division pipe sections and the corresponding pipeline lengths.

Pipe section 
number

Pipe section 
name

Division pipe 
section number

Line scheme 
name Division pipe section line scheme Length /m

1 Node 11-Node 
24

11

111 H-pipe 110

112 G-pipe 112

113 R-pipe 122

12

121 H-pipe 120

122 G-pipe 121

123 R-pipe 131

13

131 H-pipe 110

132 G-pipe 112

133 R-pipe 121

14

141 H-pipe 120

142 G-pipe 122

143 R-pipe 133

2 Node 21-Node 
34

21

211 H-pipe 115

212 G-pipe 117

213 R-pipe 125

22

221 H-pipe 115

222 G-pipe 116

223 R-pipe 124

23

231 H-pipe 111

232 G-pipe 113

233 R-pipe 121

24

241 H-pipe 118

242 G-pipe 119

243 R-pipe 129
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Table 1. Continued.

Table 2. Construction cost indices for the HDPE pipe.

Table 3. Construction cost indices for the GRP sand pipe.

3 Node 31-Node 
44

31

311 H-pipe 105

312 G-pipe 107

313 R-pipe 116

32

321 H-pipe 115

322 G-pipe 117

323 R-pipe 126

33

331 H-pipe 120

332 G-pipe 121

333 R-pipe 129

34

341 H-pipe 116

342 G-pipe 118

343 R-pipe 128

4 Node 
41-Destination

41

411 H-pipe 115

412 G-pipe 115

413 R-pipe 127

42

421 H-pipe 112

422 G-pipe 113

423 R-pipe 122

43

431 H-pipe 118

432 G-pipe 120

433 R-pipe 127

44

441 H-pipe 120

442 G-pipe 121

443 R-pipe 133

Note: H-pipe – HDPE pipe; G-pipe – GRP sand pipe; R-pipe – Reinforced concrete pipe

Pipe specification number 1 2 3 4 5 6 7 8 9 10

Pipe diameter /m 0.225 0.25 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Thickness of upper protective layer /m 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75

Construction cost per meter /RMB m–1 197.74 220.74 272.93 402.07 564.24 759.42 987.63 1248.85 1543.09 1870.35

Pipe specification number 1 2 3 4 5 6 7 8 9 10

Pipe diameter /m 0.225 0.25 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Thickness of upper protective layer /m 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75

Construction cost per meter /RMB m–1 209.93 232.6 283.92 410.53 569.07 759.56 981.99 1236.36 1522.67 1840.93
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Fitting the Investment Calculation Equation for Pipe 
Laying According to the Construction Cost Indices 

of the Known Pipes

Using the data in Tables 2, 3, and 4, the investment 
calculation equation for pipe laying was fitted with the 
least squares method to determine the coefficients a1, 
a2, and a3 for the calculation equation.

The relationship between the investment amount per 
unit length of the fitted HDPE pipe, the pipe diameter, 
and the pipe burial depth is:

2
1 1

2
11560.423 90.58 32.6g jij ic D h+ +=

.

The relationship between the investment amount per 
unit length of the GRP sand pipe, the pipe diameter, and 
the pipe burial depth is:

2
2 2

2
21498.374 98.73 20.2g jij ic D h+ +=

The relationship between the investment amount 
per unit length of the reinforced concrete pipe, the pipe 
diameter, and the pipe burial depth is:

2
3 3

2
31337.272 78.62 26.3g jij ic D h+ +=

where cg1, cg2, and cg3 denote the construction cost 
(RMB/m) per unit length for the HDPE pipe, GRP 
sand pipe, and reinforced concrete pipe, respectively; 
Dij1, Dij2, and Dij3 denote the diameter (m) of division 
pipe section ij in line scheme 1, line scheme 2, 
and line scheme 3; and hij1, hij2, and hij3  denote 
the average burial depth (m) of division pipe section  
ij in line scheme 1, line scheme 2, and line scheme 3. 
The meanings of the other variables are the same as 
those defined above.

Table 4. Construction cost indices for the reinforced concrete pipe.

Pipe specification number 1 2 3 4 5 6 7 8 9 10

Pipe diameter /m 0.225 0.25 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Thickness of upper protective layer /m 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75

Construction cost per meter /RMB m–1 193.52 213.87 259.9 373.15 514.73 684.63 882.85 1109.4 1364.24 1647.4

Table 5. Optional standard pipe diameters for the division pipe sections and the optimized sizes.

Pipe section 
name

Division pipe 
section number Optional standard pipe diameter /m Division pipe 

section line scheme
Optimized 

diameter /m

Node 11-Node 
24

11 0.225 0.25 0.3 — — — — — — 111 0.3

12 0.225 0.25 0.3 0.4 — — — — — 121 0.4

13 — 0.25 0.3 0.4 0.5 — — — — 131 0.4

14 — 0.25 0.3 0.4 0.5 — — — — 143 0.5

Node 21-Node 
34

21 0.225 0.25 0.3 — — — — — — 211 0.25

22 0.225 0.25 0.3 0.4 — — — — — 221 0.3

23 — 0.25 0.3 0.4 0.5 — — — — 231 0.4

24 — — — 0.4 0.5 0.6 0.7 — — 243 0.6

Node 31-Node 
44

31 0.225 0.25 0.3 — — — — — — 311 0.225

32 0.225 0.25 0.3 0.4 — — — — — 321 0.25

33 — 0.25 0.3 0.4 0.5 — — — — 331 0.3

34 — — — 0.4 0.5 0.6 0.7 0.8 — 343 0.6

Node 
41-Destination

41 0.225 0.25 0.3 — — — — — — 411 0.225

42 0.225 0.25 0.3 0.4 — — — — — 421 0.25

43 — 0.25 0.3 0.4 0.5 — — — — 431 0.3

44 — — — — 0.5 0.6 0.7 0.8 0.9 443 0.7

Note: „—” indicates that no pipe was used.
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Optimization Calculation for Sewage Collection 
Pipe Networks

The relevant parameters were substituted 
into Models (1)-(11) and the model obtained was 
optimized with the orthogonal test and large system 
decomposition-aggregation methods.

First, we decomposed the large system model into 
four pipe section optimization design subsystem models. 
Each subsystem model was a mathematical model for 
optimizing the design of the sewage collection branch 
and trunk pipes, where we treated the line scheme kij 
and pipe diameter Dijk of each division pipe section as 
decision variables, the head loss at the head and end 
of the division pipe section, pipe economic flow rate, 
pipe longitudinal slope, and optional pipe diameter as 
coupling constraints, and the minimum annual cost of 
the branch and trunk pipes belonging to the i-th pipe 
section as the objective function.

We then optimized each subsystem model separately.
The division pipe section was treated as the test 

factor and the pipe network had four test factors. 
According to the actual situation for the pipe network, 
the line scheme of each division pipe section was set 
at three levels. Thus, an orthogonal table was selected 
containing four factors and three levels, i.e., an L9 
(34)-type orthogonal table, where the total number of 
combination was 34. The theoretical optimal solutions in 
the 81 schemes corresponding to all combinations were 
obtained according to the nine test schemes selected 
by the orthogonal table. Due to space limitations, only 
the relevant data for the branch and trunk pipes in the 
first pipe section are listed for the test combinations and 
corresponding target values in Table 6.

Dynamic Programming Optimization 
of the Subsystem

The test level combination of nine division pipe 
section line schemes determined by the orthogonal 

table was sequentially substituted into the subsystem 
models given in Equations (12)-(20). Next, after solving 
the one-dimensional dynamic programming model, we 
obtained the optimum pipe diameter Dij(kij) under the 
combinations of the line schemes for each division pipe 
section and the total annual cost target value F(kij) for 
the corresponding sewage collection pipe network, as 
shown in Table 6.

Range Analysis to Determine the Theoretical 
Optimal Line Scheme Combination

The test level combinations of nine division  
pipe section line schemes in the L9 (3

4)-type orthogonal 
table were analyzed under single factor conditions  
and different levels. The average values for the test 
indices comprising k1, k2, and k3 as well as the range 
R of each factor corresponding to the test level are 
shown in Table 7. By comparing the k values at 
different test levels for each test factor, where the 
level of a small k value was taken as the optimal level, 
the theoretical optimal test scheme was obtained.  
The optimal combination k*

1j for the line scheme in 
each division pipe section among all combinations  
(34 = 81) was obtained by range analysis, i.e., k*

11 = 1, 
k*

12 = 1, k*
13 = 1, and k*

14 = 3.

Solutions of the Combinations for the Annual 
Cost Target Value and Head Loss in the Subsystem 

Model

After substituting the optimal combination k*
1j for 

each division pipe section line scheme into models 
(12)-(20), we obtained the theoretical optimal diameter 
D*

1jk,m of each division pipe section and the minimum 
annual target value F1,m of the branch and trunk pipes 
belonging to the first pipe section.

By solving the subsystem model, we obtained  
the optimal combination k*

ij (i = 1, 2, 3, 4; j = 1, 2, 3, 4) 
of the division pipe section line scheme for the whole 

Table 6. Orthogonal table of test combinations for line schemes in division pipe sections and the corresponding target cost.

Test scheme
Test level for line scheme in division pipe section

Target cost /RMB
1 2 3 4

1 1 1 1 1 33139.03

2 1 2 2 2 35265.41

3 1 3 3 3 34173.22

4 2 1 2 3 34986.34

5 2 2 3 1 36817.96

6 2 3 1 2 35164.35

7 3 1 3 2 35016.23

8 3 2 1 3 33721.36

9 3 3 2 1 36928.49
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sewage collection pipe network, as shown in Table 5, 
the combinations of the annual cost target values Fi,m 
(i = 1, 2, 3, 4; m = 1, 2,..., 18) and head loss ΔZi,m (i = 1, 
2, 3, 4; m = 1, 2,..., 18) for the series of branch and trunk 
pipes belonging to each pipe section, and the optimal 
pipe diameter combination Dijk,m (i = 1, 2, 3, 4; j = 1, 
2, 3, 4; m = 1, 2,..., 18) for each division pipe section. 
Thus, we obtained various ΔZi,m~Fi,m(ΔZi,m) relationships 
and the corresponding ΔZiMik,m~Fi,m(ΔZiMik,m) 
relationships.

Next, the ΔZiMik,m~Fi,m(ΔZiMik,m) relationships (i = 1, 
2, 3, 4; m = 1, 2,..., 18) obtained from the four subsystem 
models were fitted to the empirical formula and 
substituted into the large system aggregation models 
given by Equations (21)-(22).

The one-dimensional dynamic programming 
method was used to solve the aggregation model 
and we then determined the minimum annual cost 
of the sewage collection pipe network F* as 151,037 
RMB, which satisfied the constraint conditions, and  
the corresponding head loss ΔZ*

iMik
 (i = 1, 2, 3, 4) for 

each trunk pipe section. According to the optimal head 
loss ΔZ*

iMik
 for each trunk pipe section, we calculated 

the optimal head loss ΔZ*
i for each branch and trunk 

pipe belonging to the trunk pipe section. After using 
ΔZ*

i to assess the optimization results for the subsystem 
models, we obtained the optimal pipe diameter 
combination D*

ijk (i = 1, 2, 3, 4; j = 1, 2, 3, 4; k = 1, 2, 3)
for each division pipe section corresponding to the 
head loss for each pipe section, as shown in Table 5.  
The invert elevation trend for each division pipe  
section in the sewage collection pipe network is shown 
in Fig. 5.

The traditional optimization method involved 
selecting the shortest distance line scheme 1 for the 
whole sewage collection pipe network. HDPE pipes 
were used for laying and the branch and trunk pipe 
sections were optimized along the direction of the 
sewage collection flow. The selection of the line scheme 
and the rational distribution of the total head loss 
between the secondary pipe sections of the sewage 
collection branch and trunk pipes were not considered 
in a comprehensive manner. The optimization results 
determined a total annual cost of F = 159820 RMB 
and the optimal pipe diameter combination Dij for each 
division pipe section, as shown in Table 8. The invert 

Table 7. Range analysis table. 

Test scheme
Corresponding mean values of the index values for each factor under different test levels (RMB)

1 2 3 4

ka
1 34192.55* 34380.53* 34008.25* 35628.49

k2 35656.22 35268.24 35726.75 35148.66

k3 35222.03 35422.02 35335.80 34293.64*

Rb 1463.67 1041.49 1718.50 1334.85
ak1, k2, and k3 are the corresponding mean index values for each factor under different test levels. 
bR is the variation range for the test index of the factor over its range of values.
*Optimal level combination.

Fig. 5. Trends in inner bottom elevation for division pipe sections in the sewage collection pipe network.
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elevation trend for each division pipe section in the 
sewage collection pipe network is shown in Fig. 6.

Discussion of Optimization Results

We proposed orthogonal test and large system 
decomposition-aggregation methods to solve a mathema- 

tical model for optimizing the design of sewage 
collection pipe networks. This approach resolves  
the optimization problem for the line scheme in each 
division pipe section, as well as integrating the global 
optimization of the allowable head loss in the secondary 
pipe network. By contrast, the traditional optimization 
method tends to optimize the branch pipe section  

Fig. 6. Trends in inner bottom elevation of division pipe sections in the sewage collection pipe network determined using the traditional 
method.

Pipe section 
name

Division pipe 
section number

Optional standard pipe diameter /m Division pipe 
section line 

scheme

Optimized 
diameter /m

Node 11-Node 
24

11 0.225 0.25 0.3 — — — — — — 111 0.25

12 0.225 0.25 0.3 0.4 — — — — — 121 0.3

13 — 0.25 0.3 0.4 0.5 — — — — 131 0.4

14 — 0.25 0.3 0.4 0.5 — — — — 141 0.5

Node 21-Node 
34

21 0.225 0.25 0.3 — — — — — — 211 0.25

22 0.225 0.25 0.3 0.4 — — — — — 221 0.3

23 — 0.25 0.3 0.4 0.5 — — — — 231 0.4

24 — — — 0.4 0.5 0.6 0.7 — — 241 0.6

Node 31-Node 
44

31 0.225 0.25 0.3 — — — — — — 311 0.25

32 0.225 0.25 0.3 0.4 — — — — — 321 0.3

33 — 0.25 0.3 0.4 0.5 — — — — 331 0.4

34 — — — 0.4 0.5 0.6 0.7 0.8 — 341 0.7

Node 
41-Destination

41 0.225 0.25 0.3 — — — — — — 411 0.25

42 0.225 0.25 0.3 0.4 — — — — — 421 0.3

43 — 0.25 0.3 0.4 0.5 — — — — 431 0.4

44 — — — — 0.5 0.6 0.7 0.8 0.9 441 0.8

Note: „—” indicates that no pipe was used.

Table 8. Optional standard pipe diameters in the division pipe section and optimized size obtained using the traditional method.
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and the trunk pipe section. Compared with  
the optimization results produced using the traditional 
optimization method, we found that the annual cost 
target value obtained by the proposed optimization 
method was 5.5% lower.

As shown in Tables 6 and 7, the proposed orthogonal 
test-based selection method obtained the theoretical 
optimum solutions for 81 test scheme combinations of 
the corresponding subsystems and 324 test schemes 
for large systems by selecting nine test scheme 
combinations for the division pipe section line scheme 
in each subsystem, and 36 test scheme combinations  
for the division pipe section line scheme in large 
systems. This approach greatly reduced the workload 
incurred for optimization design and calculating 
the whole sewage collection pipe network, as well 
as improving the computational running speed and 
ensuring the accuracy of the optimized design.

Tables 5 and 8 show that the proposed method for 
globally optimizing the distribution of the allowable 
head loss in the secondary pipe network yielded  
the pipe diameter optimization results for each division 
pipe section. In particular, the upper limit of the optional 
standard pipe diameter range for the pipe section was 
considered in the initial stage for the pipe network, and 
the middle and lower limits of the optional standard 
pipe diameter range of the pipe section were considered 
in the middle and late stages for the pipe network.  
By contrast, the traditional optimization method does 
not consider the globally optimized distribution of the 
allowable head loss in the secondary pipe network. 
By satisfying the constraints on the ending point 
burial depth for the sewage collection pipe network, 
we selected the diameter of the pipe section with  
the lowest unit cost for pipeline laying in order to 
reduce the annual cost of the pipe network.

Figs 5 and 6 show that the invert elevation 
trend determined for each division pipe section in  
the sewage collection pipe network was relatively 
flat and continuous using the proposed optimization 
method. The cumulative slope for each division pipe 
section belonging to the first pipe section was 0.85 m. 
By contrast, the invert elevation trend for each division 
pipe section in the sewage collection network was 
relatively steep and discontinuous when optimized using 
the traditional optimization method. The cumulative 
slope of each division pipe section belonging to the first 
pipe section was 1.22 m. This difference was obtained 
because the traditional optimization method optimizes 
the branch pipe section and the trunk pipe section 
separately, and it fails to consider the influence of  
the diameter selected for the branch pipe section on  
the diameter of the trunk pipe section. 

Conclusions

In this study, a new method based on orthogonal test 
and large system decomposition-aggregation methods 

can obtain the optimum selection for each division pipe 
line scheme and determine the optimum pipe diameter 
for each division pipe section in the pipe network. 

By integrating the optimization of the line scheme 
for each division pipe section and the coupling 
constraints on the head loss at the head and end of the 
whole sewage collection pipe network, the diameter 
of each division pipe section can be optimized to 
minimize the total annual cost of the whole sewage 
collection pipe network, thereby resulting in economic 
benefits from a global optimization perspective, that 
is, the annual cost target value is 5.5% lower than  
the traditional optimization method.

The proposed method based on an orthogonal 
test and large system decomposition-aggregation can 
combine various large system optimization methods 
as well as contributing to large system optimization 
theory, thereby allowing the theory to be applied  
to various engineering practices.

The proposed large system optimization method  
is of theoretical significance to delve into the method  
of optimizing the design of urban rainwater drainage 
pipe networks.
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