
Introduction

Energy is essential to human survival and 
development. Currently, conventional fossil fuels are 
being depleted, and the environment is deteriorating [1-
2]. As the energy crisis and environmental pollution 
become increasingly prominent, people are beginning 
to explore the ocean to exploit its abundant reserve of 
renewable energy [3-4]. 

Tidal energy is one form of renewable energy in the 
ocean [5-7]. Fig. 1 illustrates a design to capture tidal 
energy via hydrofoil oscillation. U is the far-field free 
incoming flow velocity, LE is the hydrofoil leading edge 
point, TE is the hydrofoil trailing edge point, and XP is 
the distance between the pitch axis and the leading edge 
point LE. The variable angle system of attack controls 
the hydrofoil rotation around the pitch axis (pitching 
motion (t)). Affected by the tides, the fluid force on the 
hydrofoil includes the lift force F(t), drag force D(t) 
and pitch moment M(t). Affected by F(t), the hydrofoil 
undergoes cyclic vertical ascending and descending 
motions (heaving motion z(t). Because the hydrofoil 
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is prohibited from undergoing horizontal motion, 
hydrofoil oscillation is treated as a coupling of pitch 
motion θ(t) and heaving motion z(t). In Fig. 1, θ0 is the 
pitch amplitude, Z0 is the heaving amplitude, dθ / dt is 
pitch velocity, and dz / dt is heaving velocity. We assume 
that the laws for hydrofoil pitch motion θ(t) and heaving 
motion z(t) are, respectively, obtained from the following 
expressions:

         (1)

          (2)

…where f is the oscillation frequency and α1 and α2 are 
the initial phases of pitch motion and heaving motion, 
respectively. 

As shown in Fig. 1, under oscillatory motion, the 
hydrofoil constantly captures kinetic energy from the 
incoming flow and drives a cylinder to generate high-
pressure oil in the power generation system with control 
valves. The high-pressure oil rotates a hydraulic motor, 
and the motor drives a generator to generate electricity. 
Compared with a conventional plan that leverages a 
vertical or horizontal axis water turbine to capture 
tidal energy, the plan shown in Fig. 1 has the following 
advantages: the horizontal hydrofoil dimension is 
unrestricted by water depth, and the effective hydrofoil 
energy absorption area to capture tidal energy can 
be relatively large; therefore, the power generation 
equipment has a low start-up flow velocity and high 
single equipment power generation capacity. 

To capture tidal energy efficiently, many researchers 
have studied the hydrofoil’s hydrodynamic performance 
[8-11]. Mckinney et al. first proposed the concept of 
capturing energy in a fluid via an oscillating wing [12]. 

Jones et al. studied the energy-capturing efficiency 
of an oscillating wing at various pitch amplitudes 
and reached the conclusion that an oscillating wing is 
superior to a rotational water turbine in capturing energy 
from shallow water [13]. Fenercioglu et al. investigated 
vortical flow structures around and in the wake of an 
oscillating NACA0012 airfoil [11]. Amiralaei et al. 
investigated the effect of an oscillating wing’s non-
steady parameters on its dynamic characteristics under 
low Reynolds numbers [14-15]. Thiery et al. investigated 
the effect of turbulence model on the predicted energy-
capturing efficiency [16-17]. Ashraf and Young et al. 
investigated the effect of factors such as the hydrofoil 
motion trajectory, pitch-heaving phase difference, and 
hydrofoil parameters on energy-capturing efficiency [18-
19]. Benramdane et al. [20] performed time-frequency 
analysis of wall pressure signals of a hydrofoil’s suction 
side undergoing a forced transient pitching motion with 
incoming flow. Ghasemi et al. [21-22] developed a two-
dimensional and three-dimensional computational tool 
to study a baseline simulation of tethered undersea 
kite systems. Sagharichi et al. [23] used the method of 
computational fluid dynamics to analyze the unsteady 
two-dimensional flow simulation, and the simulations 
show that the variable-pitch blade turbine can reduce 
or eliminate the flow separation on its blades. Zhu [24] 
conducted a numerical study to examine the correlation 
between wake instability and energy harvesting 
performance of a flapping foil, and the results show that 
effective angle of attack is more physically relevant due 
to its close correlation with leading edge separation. 
Shimizu et al. [25] employed optimization algorithms 
based on two-dimensional Navier–Stokes solutions to 
explore the performance of a semi-activated system. 
Young et al. [26] investigated the progress in analytical 

Fig. 1. Hydrofoil oscillation in a cycle.



2317Analysis of Unstable Hydrofoil...

and computational studies, lab-based and small-scale 
experiments, and large-scale industrial development. 
The results show that the highest levels of power and 
efficiency are associated with very large foil pitch angles 
(upwards of 70º) and angles of attack (30-40º).

Ever since these pioneering studies, an important 
focus has been to identify the optimal combination 
of kinematic parameters of the hydrofoil [27]. So far, 
little attention has been given to studying the energy 
dissipation mechanism during the hydrofoil energy-
capturing process. In this paper, an unstable hydrofoil 
oscillation model was created to carry out research 
on various aspects such as motion, stress, energy 
absorption, and flow field. The mechanism of energy 
dissipation during hydrofoil motion was explained.

Methods

Hydrofoil Instability Analysis Model

The hydrofoil sits underwater at a depth of h; its 
shape is symmetric, and its coordinates are shown in 
Fig. 2. The hydrofoil chord length is c. The incoming 
flow velocity is U. The hydrofoil can be idealized as a 
thin wing whose thickness is small compared with the 
span and chord length. So, the hydrofoil’s hydrodynamic 
properties can be calculated via Airy wave theory.

According to hydrodynamic principles [6, 11], we 
assume that the hydrofoil surface displacement equation  
is : 

               (3)

We also assume that the fluid is an incompressible 
fluid and that the motion is irrotational; thus, the velocity 
potential satisfies the Laplace equation: 

                             (4)

The free water surface condition is as follows [28]: 

     (5)

The velocity potential satisfies the radiation 
condition at infinite distance and satisfies the 
disturbance-free condition at infinite depth [29]; 
additionally, the hydrofoil surface satisfies the following 
equation [28-31]:

   

 (6)

The unsteady vortex system on the hydrofoil surface 
S is . In unbounded flow, the vortex system is 
replaced by a dipole [29-30], and the microelement-
bound vortex system velocity potential is represented by 
the velocity potential of the bound microelement dipole 
system [28-30]:

         (7)

…where  

In a bound vortex downstream, a free vortex extends 
along the negative direction of the x axis. Similarly, the 
free vortex system is replaced by a free dipole system 
[28]. The free dipole system created by the bound dipole 
at (ε, γ, 0) distributes from ε along the negative direction 
of the x axis toward –∞. Its strenght at (υ, γ, 0) is as 
follows [28-30]:

         (8)

… where , 

.

To facilitate analysis of the vortex system strength, 
the following transformation is introduced [28-32]: 

                   (9)

According to hydrodynamic principles, the velocity 
potential of the entire unsteady vortex system is as 
follows [6, 28-30]: 

   (10)

…where  ,
 

The vortex system strength  is calculated from 
the hydrofoil surface boundary condition as follows [28, 
31-32]:

Fig. 2. Decomposition of hydrofoil coordinates.
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(11)

…where , , 

, x0 = x – ε, and y0 = y – γ.

Assume that , , ,  is a 
function of η, ;  is a function of η and σ, 

; and Ψ is a function of η, σ, and τ, and 
Ψ = Ψ (η, σ, τ). Then in formula (11) the first and second 
items are functions of ; the third and the fourth items 
are functions of ; and the remaining items are 
functions of Ψ. Therefore, formula (11) can be 
represented in dimensionless form as follows [28-32]:

 (12)

Assume that the hydrofoil surface displacement 
comprises n modals , 
then the hydrofoil surface velocity of the j-th modal is 
calculated via formula (6) [28]: 

   (13)

         (14)

Based on equation (12), the integral equation of the 
corresponding vortex distribution  is calculated 
as follows [28-30]:

 (15)

The integral equation (15) for j = 1,2,..., n is solved to 
obtain the corresponding bound vortex distribution 

 The lift force distribution on the hydrofoil 
surface is as follows [28]:

 
                     (16)

…where ρ is fluid density.
The hydrofoil wall boundary is divided into m 

element surfaces. At moment t element surface i in the 
incoming flow direction is , the force vertical to 
the incoming flow direction is ; the projection of 
distance from the center of the element surface i to the 
pitch axis in the x direction is di–x(t); the projection of 
distance from the element surfacecenter i to the pitch 
axis in the z direction is di–z(t). The moment of force on 
element surface i versus the pitch axis can be calculated 
as follows:

 (17)

The directions of the buoyancy and gravity of the 
hydrofoil are opposite. In this paper, hydrofoil buoyancy 
is equal to its gravity. F(t), D(t), and M(t) on the hydrofoil 
are:

                   (18)

                   (19)

                   (20)

The power captured by the hydrofoil from incoming 
flow is as follows: 

     (21)

The hydrofoil surface displacement Equation (3) is 
represented by the vibration modal as follows [28-30]: 

    (22)
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…where  is a general coordinate. In the case 
of simple harmonic vibration with frequency ω, the 
hydrofoil surface of the r-th modal is:

  (23)

Based on the integral equation (15), the 
corresponding vortex distribution  is calculated. 
Based on equation (16), the corresponding lift force 
distribution Fr(x, y) is calculated. The general force 
corresponding to the r-th general coordinate is as 
follows [30-32]:

 
(24)

…where matrices Δrj, Λrj, Πrj are functions of the 
dimensionless variables η, σ, τ. 

In formula (24), Λrj arises from vortex dissipation 
of the energy captured by the hydrofoil. Greater 
vortex energy dissipation implies lower hydrofoil 
tidal energy-capturing efficiency. Additionally, as it 
contains a linear component and a rotational non-linear 
component of the fluid mainstream, this effect leads to 
an abrupt change phenomenon in the variation of the 
hydrofoil lift force, resistance, and power. To facilitate 
analysis of the effect of these variations on hydrofoil 
hydrodynamic performance, expressions [21] for the 
instantaneous lift coefficient Cl(t), instantaneous drag 
coefficient Cd(t), instantaneous pitch moment coefficient 
Cm(t), instantaneous power coefficient Cp(t), power 
cycle-averaged coefficient Cp(t), and power extraction 
efficiency η are defined as follows: 

                     (25)

                     (26)

                     (27)

                     (28)

                     (29)

                       (30)

…where T is the oscillation period and H represents 
the swept area of the hydrofoil. H is the vertical 
displacement of the hydrofoil motion in a two-
dimensional hydrofoil.

Hydrofoil hydrodynamic performance can be 
evaluated effectively via Cl(t), Cd(t), Cm(t), Cp(t), Cp, and 
η. This evaluation is elaborated upon in the next section.

Numerical Simulation

In this section, the software ANSYS Fluent is 
employed to calculate the flow field during hydrofoil 
oscillation. In the simulation, the dynamic grid 
technique and the user-defined function are employed 
to complete the hydrofoil wall boundary oscillation 
simulation. The grid model for the fluid calculation 
area is shown in Fig. 3. A circular slip interface divides 
the square fluid calculation area into two parts, and 
physical variables on both sides are exchanged via 
the slip interface. The centers of both parts are on  
the hydrofoil pitch axis. The turbulence model  
employed is the Spalart-Allmaras model. The pressure 
and velocity coupling is based on a pressure implicit 
with splitting of operators (PISO) scheme. The absolute 
convergence standard for continuity and velocity 
residuals is 10-5. In the model, the hydrofoil type is an 
NACA0015 symmetric hydrofoil, and fluid flows from 
left to right. 

In order to ensure the independence of the numerical 
results with grid mesh resolution, numerical simulations 
were conducted using three different mesh cell sizes.  

Fig. 3. Grid model.
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To verify the independence of solutions on the time step, 
simulations were done using three different time steps. 
The details of the study are shown in Table 1.

As can be seen in Table 1, the difference between 
the results with different levels of grid and time step 
refinement becomes negligible. To reduce computational 
time, the subsequent simulations have been performed 
using 72,000 mesh cells and 1,600 time steps per cycle.

Results and Discussion

In the simulations, the initial phase of the  
pitch motion is equal to 0, the pitch motion law is  
θ(t) = θ0sin(2πft), and the heaving motion law is 
z(t) = z0sin(2πft + α2), where θ0 = 70º, f = 0.24 Hz, 
z0  = 0.8 m, α2 = 90º,  the viscosity v = 
1 × 10–6m2/s, and the Reynolds number is 1,28 × 106. 
After the numerical simulation stabilizes, in the 4th 
oscillation cycle the vortex around the hydrofoil is 
shown in Fig. 4. And the pressure distribution of flow 

Table 1. Grid and time step independence study.

Mesh cell 
number

Number of time 
steps/cycle CP η/%

72,000 800 0.978 38.4

72,000 1,600 0.984 38.6

72,000 3,200 0.983 38.5

36,000 1,600 0.979 38.4

72,000 1,600 0.984 38.6

114,000 1,600 0.981 38.4

Fig. 4. Vortex contours. Fig. 5. Pressure distribution.
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field in the first half of the cycle is shown in Fig. 5. Fig. 6 
shows variation curves of the coefficients in a cycle. 

At t/T = 1/8, a small vortex (marked as I) appears at 
the leading edge point on the hydrofoil lower surface. 
The maximum pressure variation in the leading edge 
point area on the lower surface reaches 13,000 Pa. 
During the interval from 0 to 0.125 T, both the hydrofoil 
instantaneous lift coefficient |Cl(t)| and instantaneous 
drag coefficient Cd(t) are increasing; however, they 
have unstable and unequal increasing rates. Formulae 
(17)-(20) and formulae (25)-(27) indicate that the 
instantaneous pitch moment M(t) is related to the 
instantaneous lift force F(t) and instantaneous drag 
force D(t), as well as to the rotational force arms of F(t) 
and D(t) versus the pitch axis. Affected by the variation 
of |Cl(t)| and Cd(t), the instantaneous pitch moment 
coefficient Cm(t) fluctuates. Because vortex I is not fully 
formed, the energy dissipation is low; therefore, in the 
interval of 0 to 0.125 T, the instantaneous power Cp(t) 
coefficient increases stably. 

Subsequently, the hydrofoil continues its downward 
motion, and vortex I continues to grow. At t/T = 2/8, 
the main body of vortex I has shed from the hydrofoil. 
At the same time, a small vortex (marked as II) emerges 
in the hydrofoil lower surface area. With the shedding 
of vortex I and the formation of vortex II, the pressure 
variation is substantial, and oscillation shock occurs. 
During the interval from 0.125 T to 0.25 T, vortex 
shedding and generation inevitably dissipates part of 
the energy captured by the hydrofoil. Consequently, the 
instantaneous lift coefficient |Cl(t)| drops from 2.7 to 
1.0, the instantaneous drag coefficient Cd(t) drops from 
3.6 to 2.8, and the instantaneous power coefficient Cp(t) 
starts to decline. This result indicates that the hydrofoil 
energy-capturing efficiency is declining. 

Next, the hydrofoil continues its downward motion, 
and vortex I starts to move away from the hydrofoil 
lower surface. Simultaneously, a new vortex (marked 
as III) emerges around the hydrofoil leading edge 
point, while vortex II gradually grows. At t/T = 3/8, 
vortex II sheds from the hydrofoil trailing edge point. 

From 0.25 T to 0.375 T, the vortex continues to grow, 
the instantaneous coefficients continue to decline, and 
oscillation shock occurs. 

At t/T = 4/8 the hydrofoil moves to the lowest point, 
and no new vortices form. The pressure difference 
between the hydrofoil upper and lower surfaces 
decreases. At the lowest point, when the hydrofoil attack 
angle decreases, the instantaneous coefficients decline 
rapidly. The hydrofoil energy-capturing efficiency drops 
to the lowest level in a cycle.

After t/T = 4/8 the hydrofoil starts to move upward. 
In the second half of the cycle (0.5T-T), the flow 
field variation on the hydrofoil upper surface is similar  
to that on the lower surface in the first half of the cycle 
(0-0.5T), and the flow field variation on the hydrofoil 
lower surface is similar to that on the upper surface 
in the first half of the cycle (0-0.5T). Because vortex 
shedding is accompanied by dynamic stall, the hydrofoil 
dynamic performance deteriorates, which results in 
abrupt changes and oscillation shocks of the variation 
curves of the coefficients. 

In a complete cycle T, when the hydrofoil extracts 
energy from the tide and converts it to mechanical 
energy, it also applies work to the fluid and converts 
hydrofoil mechanical energy to fluid turbulence kinetic 
energy. Because the hydrofoil mechanical energy 
originates from the tide, more fluid vortices and larger 
vortices around the hydrofoil results in more energy 
dissipation. This change leads to lower hydrofoil energy-
capturing efficiency, which matches the law revealed 
by the aforementioned instability analysis model. In 
engineering practice, when the frequency of the abrupt 
change in the hydrodynamic force matches the hydrofoil 
natural frequency, it will result in hydrofoil resonance. 
Therefore, normal variation curves of the coefficients are 
desirably smooth to prevent hydrofoil oscillation shock. 
In the design of the energy power generation system, 
how to make the variation curves of these coefficients 
smooth becomes a key problem.

To facilitate analysis of the oscillation frequency 
effect of the hydrofoil on the oscillation shock and 
energy dissipation, dimensionless reduced frequency is 
defined as [22]:

                              (31)

The power cycle-averaged coefficient, Cp(t), versus 
f *, for the hydrofoil with different parametersare 
shown in Fig. 7. Fig. 7 shows that when the pitch 
and heaving amplitudes are fixed, Cp(t) initially 
increases monotonically with Cp(t). After reaching 
the maximum value, Cp(t) decreases rapidly if f * is 
further increased. Additionally, it is seen that larger 
pitch amplitude θ0 leads to larger optimal reduced 
frequency corresponding to the peak power cycle-
averaged coefficient. For example, in the case of  
θ0 = 60º the optimal reduced frequency f * is 0.10, while 
for θ0 = 90º the optimal reduced frequency f * is 0.22. 

Fig. 6. Variation curves in a cycle.
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Fig. 8 shows the comparison of numerical simulations 
using different parameters. In Fig. 8a), θ0 = 75º, 
f * = 0.10, and the oscillation shock occurs as indicated 
by the changes in the normal variation curves of these 
coefficients. According to Fig. 7, the optimal reduced 

frequency corresponding to θ0 = 75º is 0.18. When the 
reduced frequency is set at 0.18, the oscillation shock 
of the hydrodynamic characteristics of the hydrofoil 
disappears, and the performance of the hydrofoil is 
improved as shown in Fig. 8b). The maximum value 
of Cp in Fig. 8b) is about 5.2, and it increases by 30% 
compared with that in Fig. 8a). This result shows that 
setting the reduced frequency to be the optimal reduced 
frequency corresponding to the peak power cycle-
averaged coefficient can eliminate the oscillation shock 
of the hydrodynamic characteristics of the hydrofoil, 
which helps to improve the hydrofoil energy-capturing 
efficiency. 

Previous studies have shown that if the other 
parameters remain unchanged, the power coefficient 
increases with the motion amplitude of the hydrofoil 
[16-22]. But this tendency is not always applicable for 
efficiency η. The influences of heaving amplitude on 
Cp  and η are shown in Table 2, which shows that when 
the heaving amplitude z0 is below 1.0c, efficiency η 
increases with heaving amplitude. Once z0 is above 1.0c, 
efficiency decreases with heaving amplitude. The reason 
for this behavior is that the heaving amplitude affects 
not only the velocity of the hydrofoil motion but also the 
hydrofoil swept area. 

 
Conclusions

In this paper, based on a theoretical analysis, an 
unstable hydrofoil oscillation model was developed. The 
model contains a linear component and a rotational non-
linear component of the fluid mainstream, which leads 
to an abrupt change phenomenon in flow velocity and 
pressure distribution on the hydrofoil surface as well as 
variation of the hydrofoil lift force, resistance, and power 
when the vortex generation appears. 

If the vortex shedding frequency matches the 
hydrofoil natural frequency, it may affect hydrofoil 
normal operation or even damage the hydrofoil. 
When designing the hydrofoil oscillation energy-
capturing system, variation curves of the hydrofoil 
instantaneous lift coefficient, instantaneous drag 
coefficient, instantaneous pitch moment coefficient and 
instantaneous power coefficient should be as smooth as 
possible to prevent abrupt changes in the instantaneous 
hydrodynamic force and to ensure reliable operation of 
the tidal energy power generation system. 

Fig. 7. Power cycle-averaged coefficient versus time between 
numerical simulations using different parameters (XP/c = 1/3, 
z0/c = 1, U = 2.0 m/s, Re = 500,000).

Fig. 8. Comparison of numerical simulations using different 
parameters (XP/c = 1/3, z0/c = 1, U = 2.0 m/s, Re = 500,000).

a) θ0 = 75º   f * = 0.10

b) θ0 = 75º   f * = 0.18

Table 2. Heaving amplitude effect.

θ0(º) z0/c Cp η/%

60 0.5 0.384 24.0

60 0.7 0.493 24.9

60 1.0 0.636 26.5

60 1.2 0.668 24.6
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Setting the reduced frequency to be the optimal 
reduced frequency corresponding to the peak power 
cycle-averaged coefficient can eliminate the oscillation 
shock and reduce the energy dissipation of the hydrofoil. 
The results also show that larger pitch amplitude  leads 
to larger optimal reduced frequency corresponding to 
the peak power cycle-averaged coefficient.
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